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We say a group G* is of type G, provided 
G,(q) C G* < Aut G,(q). 
where q =pf, p is a prime. 
In this paper, we prove 
MAIN THEOREM. There exists no faithful primitive permutation represen- 
tation of rank 3 of G* with p > 3, except when G* = G,(3) and the degrees 
of such permutation representations are equal to 351. 
In Section 5 we will give two examples which are inequivalent primitive 
permutation representations of rank 3 of G,(3). The proof of the main 
theorem is continued in the following sections. 
1. PRELIMINARIES 
By definition G,(q) a G* < Aut G,(q). For brevity, we often denote G,(q) 
by G. We know that 
Aut G = (G, the field automorphisms of G, the Graph 
automorphisms of G). 
The graph automorphism of G,(q) is the identity except for G2(3f), where 
unique graph automorphism 1 is of order 2f and q2 is a field automorphism. 
The only diagonal automorphism of G,(q) is the identity. 
Let G”= (G, the field automorphisms of G) and G+ = G”n G*. Then 
IG*:G+112 and lG*:G’)=l except possibly when q = 3f. We have also 
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G_aG+ _aG*<AutG, ]G+: G 1 If and /G* : G/ / 2j Furthermore G*/G is 
cyclic. 
Let B+ and B be the Bore1 subgroups of G+ and G, respectively, and let 
U be the p-Sylow subgroup of G, then B+ and B are the normalizers of U in 
G+ and G, respectively, and B = B + f7 G. Moreover, G+ = G e B + . 
Now G and G+ have the common Weyl group W. Let 01,) a, be the 
simple roots of G,, s, , s2 are the reflections corresponding to a,, a,, respec- 
tively. W is of order 12. We can regard the elements of W as ones of G. 
Let W,=(l,s,) and W,=(l,s,), then W has four Wi-- Wi double 
cosets and from Mackey’s theorem 
(q, IQ=4 (i= 1, 2). 
Let Gt = (B+, W,) = (B ‘, X-,*) and G: = (B+, W,) = (B+, X,,), where 
X --a,, X-,* are root subgroups of Gt. G:, G: are the maximal parabolic 
subgroups of G’, and we have 
<q, lGG,9=(G& 19=4 (i= 1, 2). 
Furthermore, lz:jG = 1: and restricting to G, the irreducible constituents of 
1,“: are still irreducible. 
Now suppose that p* is a faithful primitive permutation representation of 
G* of rank 3, K* is the stable subgroup of G* leaving one letter fixed. Then 
$9” = 1;:. 
Since (p* is primitive and G g G*, G is transitive and G* = G . K*. Let 
K+=G+nK*, K=GnK*=GnK+,p+=y,*J,+ and a,=u,*]c=q+]JG, 
then a)+ = 1:: and cp= lg. 
We also denote by q*, cp+, rp the characters of rp*, q+, and p, respectively. 
We consider three cases, 
(1) K+B+ = Gt, namely, (l$:, lzf)= 1, 
(2) (ul’(l),P)= 17 
(3) 0s lif)> 2 andplrp+(l). 
For case (l), Kt is a flag-transitive subgroup of G+ and from [ 14, 
Theorem A], we have 
LEMMA 1.1. Case (1) does not occur. 
In Section 2 we prove that there exists no subgroup K* of G* which 
satisfies (2) with 1:: primitive and of rank 3. We discuss case (3) in Section 
3-4. 
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2. THE PROOF IN CASE 2 
Since v)+(~)IK+(=IG+I and (u,+(l),p)= 1, IKt 1 and IG+I are divisible 
by the same power ofp. The same fact holds for K and G. Up to conjugacy, 
K contains the p-Sylow subgroup U of G and Kt contains a p-Sylow 
subgroup of G+ which contains U. From Tits lemma [ 14, (1.6)], Kt < G,? 
(i = 1 or 2) or G is contained in a maximal subgroup L of G+ which also 
contains K + . For the latter case, we have G’ = G . K + <L, this is 
impossible. Thus Kf < Gt. 
Hence (l$:, li:)> (lg,:, lg$= 4. But 1:: is of rank 3 and 1:: = lz$+, 
we have 
G+$G* and IG*:G+J=2. 
G* has one graph automorphism (At this moment, of course q = 3’). 
Now we prove a general lemma. 
LEMMA 2.1. Let G be a finite Chevalley group deJined over F,, q =pf, 
with Z(G) = 1. Let G# = (G, the field automorphisms of G, the diagonal 
automorphisms of G). Given G *, G _a G* ,< Aut G, let G ’ = G* n G#, then 
G d G ’ 4 G*. Assume G + 2 G* and 1,“: is primitive. Let 
Kf =G+nK*,K=GnK*=GnK’.AndletUbethep-Sylowsubgroup 
of G and G: = (B+, U,$, X_,> be a parabolic subgroup of Gi, where I is a 
subset of simple roots of G and (Xea)‘sare root subgroups. If 
then there exists a graph automorphism n # 1 of G such that 
Proof (i) From an argument of Steinberg [ 16, proof of Theorem 301 
we have the following assertion: If u is an automorphism of G such that 
U” = U, then we can multiply by an inner-automorphism corresponding to 
an element u E U so that U”’ = U and uu permutes the root subgroups of G. 
(ii) Since G g G* and 1:: is primitive, G is transitive and G* = G . K*. 
We have K+ 4 K*, as Gt # G*. Thus K*\G+ # 0. And from K’ cl K*, 
we can find an element z, E G*\G+ such that (Kt )‘I = K+. Now 
K=GnK’ andGaG*,wehaveKzI=(GnKt)‘l=GnKt=K.Since 
U is the p-Sylow subgroup of K, there exists k E K c Kt such that Uzlk = U. 
Also from (i), we can find u E U which satisfies Uzlku = U and meets the 
requirement in (i). Clearly, kuE K’, thus z=z,ku&G+ and 
(K+)=lk” = K+. 
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(iii) Since z E G* and z 4 Gt = G* n G”, z 6? G#. Then there exists a 
graph automorphism g # 1 of G and an element g E G# such that z = qg. 
Both the actions of z and q permute the root subgroups of G and leave U 
fixed, so does g. But g E G#, the permutation is the identity. Thus the two 
permutations corresponding to z and q are the same. And (G’ )’ = Gt since 
G + a G*. Thus z leaves B ’ = N,+(U) fixed. 
Now G: = (B+, Ua&L), thus (G:)’ = (@I+)‘, Uaf, (X-J) = 
(B+, Uod-a)= GA- From the assumption of the lemma that Kt < G,?, 
we have 
K+ =(K+)‘<(G;)z=G;,. 
Hence 
The proof is complete. 
THEOREM 2.3. There exists no subgroups K* of G” such that q* = 1:: 
is of rank 3 and (p*(l), p) = 1, where G* is as in Section 1. 
ProoJ Suppose that a subgroup K* of G” satisfies 
1;:=yl*= 1 +x*+r*, 
where 1 means the identity representation x*, <* are irreducible and 
(cp*(l),p)= 1. Restricting rp*, x*, and [* to G’, we get rp+, xi, and ct. 
Since Gt a G* and ]G*:G+ ] 1 2, from Clifford’s theorem, [3, (53.17)] and 
[ 10, (9.12)], both xt and c’ are multiplicity free and have at most two 
irreducible constituents which are conjugates to each other. Then x+ + [’ 
has at most four irreducible constituents and the multiplicity of each 
irreducible constituent is at most 2. Thus 1:: IG+ = 1;: is of rank at most 9. 
Now q*(l) = pt (l), (qf (l),p) = 1 and from the results in the beginning 
of this section we get U Q Kt < G,+ (i = 1 or 2). And then all the conditions 
in Lemma 2.1 hold. (At this moment G+ 4 G* and q = 3f.) 
For the unique nontrivial graph automorphism q of G,(3’), we have 
a: = a z, a;= a,, thus Kt <Cc,,, nG& = G: n G:. Notice that G: = 
B+ v B+szB+, G: =Bt UBts,Bt, thus G: nG; = B+ and then 
Kt <B’. We get 
(1Z 1::) > (1;:) 1;;) = ] W] = 12. 
Hence 1:: is of rank more than 12. This contradicts the fact that 1:: is of 
rank at most 9 and the proof is complete. 
The main task of this paper is to deal with case (3). 
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3. SOME CONSEQUENCES OF THE REPRESENTATION THEORY OF G,(q) 
As above, cp + = 1 +x+ + c’, both xt and [’ are multiplicity free and 
contain at most two irreducible constituents which are conjugate to each 
other under G*. By the Frattini argument, G? = G+N(B+). Then 1:: is 
invariant under G*. Since (lg:, 1,“:)>2, pt = 1,“: and 1,“: contain an 
irreducible constituent besides l-representation in common, Assume that x + 
contains this constituent. Since 1:: is invariant under G*, the conjugate 
constituent under G* is still in 1;:. Thus all of xt is in 1:: as x+ is 
multiplicity free. Now we restrict o+ = 1:: = 1 + X+ + c’ to G = G,(q) and 
let 
co=P+Ic9 x=x+ ICY and C=C+ IC. 
We have (p = 1 +x + q and pip(l). Notice that co= li2, we have 
PW= IGIII~I and (o(l)/ IGzl. 
From now on we assume that o(1) satisfies the following conditions: 
PIN), (1) 
(o(l) 1 IGzl. (2) 
Restrict 1,“: and its irreducible constituents to G. Since lgJIG = 1: and 
(1G’ lf+, 13 = I WI = (l,G, 13, we get a one-to-one correspondence between 
the irreducible constituents of 1,“: and 1: and the correspondence preserves 
the equivalence between constituents. Because of this property of x+, ail of x 
is in 1,” and it is multiplicity free, it contains at most two irreducible 
constituents and they are conjugate to each other under G*. 
From Chang and Ree [ 1 ] and Enomoto [5], lgG2 contains six inequivalent 
irreducible constituents. We denote their characters by x1 (the principal 
character), xz, x3, x4, x5, and x6. Their degrees are the following: 
x,(l) = 19 
x2w=q69 
x3(1) =x4(1) = f4(q4 + 4* + l>, 
x5W=fdq+ l)*(q*-q+ 117 
x6(1)=dq(q+1)2(q2+q+1). 
Furthermore, x1, x2, x5, and x6 are self-conjugate and x3, x4 are conjugate to 
each other under G*. Thus the only possibilities for x( 1) are x2( 1 ), x3( 1 ), 
x3(1) t x4(1), x5(1), x6(1). It is easy to see that pl,y(l) except for q = 3. 
Now look at [ = [* Ic. From Clifford theorem and [ 10, (9.12)] we can 
assume that c splits into k irreducible constituents which are conjugate to 
each other under G* and [ is multiplicity free. Since JG* : G,] ] 2f, where 
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q =p*, from [3, (53.17)], kl2$ Denote by r the character of one of these 
constituents of <, then [( 1) = kc( 1). 
In this section we will determine which combinations of x( 1 )‘s, [( 1 )‘s and 
k’s are such that relations (1) and (2) hold. 
We now consider four cases: 
(i) 4=3, 
(ii) q=32,k#1,andX=X~,X4,X3+X4,andX6r 
(iii) q # 3, c(l) = k<(l), and k = 1, 
(iv) The remaining cases. 
Case (i). q = 3. 
In this case f = 1, kl2. Then k has at most two possibilities, 1, 2. 
Now x2(1)=729, x3(1)=x4(1)=91, xX(1)+x4(1)= 182, x5(l)= 104, 
~~(1) = 168. And from Enomoto [5], we find the degrees of the remaining 
irreducible representations of G,(3) as follows: 0,( 1) = 9 1, 0,( 1) = 8 19, 
f&(1)=8,(1)=273, e,,(l)= 14, f?,,(l)=78 0,,(1)=64, x,(K)(l)= 
xd~)(l) =x,2K O(1) = 364 x2VW) =x&Ml) = 3 x 364, xsW)(l) = 
x,(K)(l) = 182, x@)(l) = xsW)(l) = 546, X&C Z)(l) = 4 x 364, 
~dK)(l) =x1,(K)(1) = 728. x13(K)(l) = 448, x,~(IW) = 832, where ei, 
xj(K), x~(K, Z) is the notation for the irreducible representaztions of G,(q) as 
in [5]. 
It is well known that IG2(q)l = q6(q2 - l)(q6 - 1). In the case q = 3, IGI = 
26 * 36 . 13 * 7. 
By simple computation we get all the combinations which satisfy (l), (2), 
and the properties mentioned above. They are 
1 + 91 + 64 = 156, 
1 + 2 1 91 + 2 . 273 = 729 = q’, 
1 + 104 + 168 = 273, 
1 + 168 + 182 = 351, 
1 + 729 + 728 = 2q6. 
1+2.91+168=351, 
1 + 2 . 91 + 546 = 729 = q6, 
1 + 104 + 273 = 378, 
1 + 729 + 2 . 364 = 2 . 729 = 2q6, 
In Cases (ii), (iii), and (iv), q =pf # 3, so plx(l). And condition (1) 
requires p]~(l), then pi 1 + kQ1) and (p, c(l))= 1. From [l, 51 the 
possibilities of r(l) are 
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Cl(l) = q4 + q2 + 1, 
t-2(1) = (q2 - 9 + l)(q3 - 11, 
<3(l) = q6 - 1, 
l4(1) =z (4 - l)(q2 - l)(q3 + l), 
Ml) = (q2 + 9 + l)(q3 + 11, 
r6(l)=(4+l)(q2+q+l)(q3+1), 
C,(l) = (4 - l)(q2 -4 + l)(q3 - l), 
Ml) = (4 + WI2 - l)(q’ - I), 
&(l)=q3 f 1 with q=kl (mod3). 
Case (ii). q=32, k# 1 and x=x3, x4, x3+x4, and x6. In this case, 
f = 2, kl4, so k = 2 or 4. Since q = 0 (mod 3), & is excluded. x(1) and ci( 1) 
are 
x3( 1) =x4( 1) = 3 . 6643, x3(1) +x4(1) = 6 . 6643, x6( 1) = 13650, 
(,( 1) = 6643, c&( 1) = 66430, 
T2( 1) = 53 144, r6( 1) = 664300, 
r3(1)= 531440, r,(l) = 425152, 
<,( 1) = 467200, <,( 1) = 582400. 
By simple computation we find that none of p(l) = 1 +x( 1) + k<(l) 
which are in case (ii) satisfies conditions (1) and (2). 
Case (iii). q # 3, c(l) = k&l), k = 1. 
v,(l)= 1 +x(l)+rj(l), x(l) =xiU) or 2x3( 1) (i = 2,3,5,6). 
Since p 11 + cj( l), rj( 1) are just 
r2u)=(q2-q+ lk3-l), 
(3(l) = q6 - 1, 
W)=q3 - 1 with qr-1 (mod3). 
In the proof of Cases (iii) and (iv) we will use the resultant. Given 
f(X)=aOxn+a,x”-‘+...a,, 
g(x)=b,x” +&f-l + *a* +b,, 
let t ,,..., t, be the roots off(x). The resultant 
R(f, g) = 4 n dt[)* 
i=l 
208 SHENGMING SHI 
It has the property that if q, a,, a, ,..., a,; b,, b ,,..., b, are integers, then 
R(f, g) is an integer and 
U-(q), g(q)) I RV; g). 
Now we compute ~(1) = 1 +x(l) + rj( 1) and examine which of cp( 1) 
satisfy condition (2). 
We describe the method by the following example, 
v(l) = 1 +x6(1) + <2(l) 
= l+dq(q+l)2(q2+q+1)+(q2-q+l)(q3-l). 
When q = 0, -1 (mod 3), ~(1) is prime to q* + q + 1. When qz 1 (mod3), 
3 1 q* + q + 1 and q(l) is prime to i(q* + q + 1). Also ~(1) is equal to 
iq(q* - q + 1)(7q* + 4q + 7). Since ~(1) divides IG2(q)l = q6(q2 - 1) 
(q6-1)=q6(q2-l)*(q*+q+l)(q*-q+l),wehave 
7q* + 4q + 7 1 18 * qyq* - I)*. 
If q = 7j, then 7 divides the left side and 7* does not. If q # 7f, (q, 7) = 1. In 
any case we have 
7q2 + 4q + 7 1 18 . 7(q* - 1)‘. (3) 
For brevity, we denote R((x* - l)‘, 7x2 + 4x + 7) by R(right, left). We have 
R(right, left) = 18* . lo*. 
Since 
7q2 + 4q + 7 = (7q* + 4q + 7,18 . 7(q* - l)*), 
7q2 + 4q + 7 I 18 . 7((q2 - l)*, 7q2 + 4q + 7) 
and 
7q2 + 4q + 7 1 18 . 7 R(right, left). 
Thus 
7q2 + 4q + 7 I 18 . 7 . 18* . lo*. (4) 
Computing we find that q does not satisfy this relation except for q = 7. 
For q = 7, the relation, ~(1) 1 I G,(7)1, holds. 
By the same method as in this example we examine all p( 1) = 1 + x( 1) + 
rj(l). For brevity we write only the reduced divisibility relations like (3), (4), 
and q for which rp( 1) satisfies condition (2). 
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(1) 1 +x(2)+<,(1)= 1 +q6+(q3- l)(q2-q+ 1). 
qs + q4 - q3 + q* - q + 1 I (q2 - 1)2, 
qs + q4 - q3 + q* -q + 1 1 26, 
none. 
(2) l+x*(l)+r3(l)=1+q6+(q6-1)=2q6, 
2q6 1 1 G,(q)1 for all q =pf, p 2 3. 
(3) 1 +x*(l)+r,(l)= 1 +q6+(q3- 1) 
=q3(q3+ 1) (q=-l,mod3) 
q3(q3 + 1) 1 1 G,(q)1 for all q as above. 
(4) 1+X3(1)+r*(l)=1+fq(q4+q2+1)+(q2-q+fl)(q3--1), 
4q4 - 3q3 + 4q* - 3q + 4 I9(q2 - l)‘, 
4q4 - 3q3 + 4q2 - 3q + 4 I 24 * 3*, 
none. 
(5) l+X3(1)+~3(1)=1+fq(q4+q2+1)+(q6-1) 
3q4 - 2q3 + 2q2 - q + 1 / 9(q2 - l)(q - l), 
3q4 - 2q3 + 2q* - q + 1 / 36, 
none. 
(6) 1+,y3(l)+&(l)=l+:q(q4+q2+l)+q3-1 
(q s -1, mod 3) 
q4 + 4q2 + 1 I 9(q2 - I)*, 
q4 + 4q* + 1 I 24 * 36, 
none. 
(7) 1 +xs(l)+t*(l) 
=1+fq(q+1)*(q2-q+1)+(q2-q+1)(q3-1) 
3q*-4q+3(6(q2-l)*, 
3q* - 4q + 3 I 25 * 3 * 5*, 
none. 
(8) l+x~(l)+~3(l)=l+fq(q+l)2(q2-q+l)+q6-l 
2q3-q2+l14(q-1)*, 
2q3 -q* + 1 I 24, 
none. 
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(9) 1+~s(l)+~,(l)=1+~q(q+1)2(q2-q++)+q”-l 
(q = -1, mod 3) 
q2 + 1 I%- l>‘, 
q* + 1 I 24, 
none. 
(10) 1 +x6(1) + l*(l) 
=l+~q(q+l)2(qz+q+1)+(q2-q+1)(q3-l) 
7q*+4q+7118*7(q*-1)2, 
7q* + 4q + 7 1 25 . 36 * 5* * 7, 
q= 7. 
(11) 1+&(1)+&(1)=l+~q(q+1)*(q2+q+l)+q6-1 
6q3 + 7q2 + 4q + 1 I 36(q - l)*, 
6q3 + 7q2 + 4q + 1 I 24 . 36, 
none. 
(12) 1+&(l)+&,(l)=1+~q(q+1)*(q2+q+1)++- 
(q = -1, mod 3) 
q4 + 3q3 + lOq* + 3q + 1 ) 36(q - 1)’ (q* -q + l), 
q4 + 3q3 + 1oq2 + 3q + 1 ) 28 * 38, 
none. 
(13) ’ +x3(l) +x4(l) + tZ(l) 
=l+$q(q4+q2+1)+(q2-q+l)(q3-1) 
5q4 - 3q3 + 5q* - 3q + 5 I45(q2 - l)‘, 
5q4 - 3q3 + 5q* - 3q + 5 15 * 38 * 7*, 
none. 
(14) 1+x3(1)+x4(1)+r3(l)=1+3q(q4+q2+1)+(q6-1) 
3q5 + 2q4 + 2q* + 2 I 3yq2 - 1)2, 
3q5 + 2q4 + 2q2 + 2 13*, 
none. 
(15) 1 +x3(1) +x4(1) + Ml> 
= 1 +$q(q4+q2+ l)+(q3- 1) (qz-l,mod3) 
2q4+5q2+2j9(q2-1)2, 
2q4+5q2+2)310, 
none. 
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Case (iv). The remaining cases. ~(1) = 1 +x(l) + k<(l). Now q f 3, 
k#landwhenq=3fand~=~,,~4,~3+~4,and~s,wehavef>2.Inthis 
case <(l)=rj(l),j= 1,2 ,..., 9 and rj( 1) are of form q/(q) f 1, wheref(q) is 
a polynomial of q with integer coefficients. 
LEMMA 3.1. In Case (iv), tf ~(1) satisfies condition (I), then pi k + 1 or 
k- 1, depending on &l)=qf(q) + 1 or q/(q) - 1. And if p’llk + 1 (or 
k - l), then p’lJq(l). 
Proof tj(l) is of form qf(q) f 1, f(q) is an integer. Since 4 =p’# 3, 
PIxW. From plutWt we have plk + 1 (or k - 1). 
For qf 3f or x=x2, x5, we have qlx(l). Since k12fand q > 3, it is easy 
to prove that q=pf>2f+ l&k+ 1. Thus r<f andp’llq(l) since rp(l)= 
xU)+W(q)* (k* 1). 
For q = 3f and x(l) =x3(l), ~~(1) +x4(l), x6(l), we are not in Cases (i) 
or (ii), so f > 2. It is easy to prove that f q = 3*-’ > 2f + 1 > k + 1. Thus 
r (f - 1. By looking at the expressions of x(l), we have 3f-’ Ix(l) and 
3’llrp(l)- 
LEMMA 3.2. Let s(p, t) be the function with integer values defined by 
ps(p,t) ,< zt + 1 < ps(P.r) + 1, 
where p > 1 and t are positive integers. 
If 
& (P’)’ > a fi (ai . 2f + bi), 
P i=l 
(*I 
where u > 0, p’-’ > (1 + l/f)“, 12 2, ai > 0, bi > 0 (i = 1, 2 ,..., tt~) and 
cap, g >f, then (*) still holds when we replace p, f by c and g in (*). 
Furthermore, for any k < 2g and cr II k + 1 or k - 1, we have 
+, (c”)’ > a fi (aik + bi). 
i= 1 
(*;*I 
Proof: In order to prove (*) we consider two cases. 
(1) c >p, g =f: Clearly s(c,f) < s(p, f). And If> 2f >ps(p7f) - 1 > 
S(P,f >* 
Thus 
212 SHENGMING SHI 
Hence 
and (*) holds. 
(2) c =p, g=f+ 1. We have 
(Ui * 2(f+ 1) + bi) =I+ ’ 2Uif + bi < ( i ) 1 + 7 (Ui * 2f+ bi) 
and 
u fi (ai*2(f+ l)+b()< 1 if 
( 1 
m 
’ U fi (Ui ’ 2f+ bi)* 
i=l i-l 
Since 
P s(PA+* =p *ps(P,f)tI > p . (2f+ 1) > 2f+ 3 >pSQ*ff I), 
s(p,f+ 1) < s(p,f) + 1. Then 
P s,,tf+ I) (P” ‘1’ ap”p!f)+ 1 (Pf)’ . P’ 
=o’p’-l > 
P ’ ( i 
1 + + m a fi (Ui . 2f+ bi) 
i= I 
aa fi (Ui ' 2(f+ l) + bi)* 
i=l 
Hence (*) holds. 
For k < Zg, c’ 11 k + 1 or k - 1, we have 
c’<k+ 1 (ork- 1)<2g+ 1. 
Thus r < s(c, g) and (l/c’)(cg)’ > (l/cs(c~g~)(cg)~. Hence (**) holds. 
Now we prove case by case that none of ~(1) = 1 +x(l) + k&l) in Case 
(iv) satisfies both conditions (1) and (2). 
We describe the method by the following examples: 
EXAMPLE 1. l+Xz(l)=kt,(l)= 1+q6+k(q4+q2+1). Where q=p’; 
4 + 3, k/V We know IGz(q)l = q6(q2 - 1)(q6 - 1). Assume p’\I k + I. 
Suppose 
1+q6+k(q4+q2+1)jq6(q2-l)(q6-I), 
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then 
1 + q6 + k(q4 + q* + 1) (p1(q2 - l)(q6 - 1). (5) 
We denote R((x* - 1)(x6 - l), 1 + x6 + k(x4 + x2 + 1)) by R(right, left), 
then 
R(right, left) = 24(3k + 2)4. 
Since 1 +q6+k(q4 + q* + 1) = (pr(q* - l)(q6 - l), 1 +q6 + k(q4 + q2 + I)), 
; (1 + q6 + k(q4 + q* + )) 1 24(3k + 2)4. 
Let p = 3, q = 33, then 2f = 6, s(3,j) = 1. For this set of values we have 
& q6 > 24(3 - 2f+ 2)4. 
P 
From (3, 2), for p > 3, f > 3, and k( 2f, we get the relation 
; q6 > 24(3k + 2)4. 
Then in (6), the left side is greater than the right side and (6) does not 
hold. 
The remaining cases for which q = pf such that there exists k with k I2f 
andp(k+ 1 are q=3*, k=2; q=5*, k=4. 
Direct computation shows that neither of them satisfies condition (2). 
EXAMPLE 2. 1 + x6(1) + k<,(l) = 1 + iq(q + 1)” (q2 +q + 1) + 
k(q*-q+l)(q3-l).Suppose 1 +dq(q+1)2(q2+q+l)+k(q2-q+1) 
X(q3-1) I q6(q2-l)(q6-l), then l+dq(q+l)’ (q*+q+l) + 
k(q* -q + l)(q3 - 1) 1 pr(q2 - l)(q6 - 1). When q f 1 (mod 3), o(l) is 
primetoq*+q+l. Whenq=l (mod3),~(1)isprimeto~(q2+q+l).In 
any case we have 
1 tiq(q+ l)*(q*tqt l)tk(q*-qt l)(q3-l))3pr(q2-1)(9*-q+ 1). 
It is easy to compute that 
1 t +-q(q + l)* (q* + q t 1) t k(q* -q + l)(q3 - 1) 
=$(q*-qtl)(q3+4q2t7qt6t6k(q3-1)). 
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Thus we obtain 
q3+4q2+7q+6+6k(q3- l)i 18.p’(q’- 1)‘. (8) 
We have 
R(right, left) = R((x2 - l)*, x3+4x2+7x+6+6k(x3-1)) 
= 24 . 34(6k - 1)‘. 
Fromq3+4q2+7q+6+6k(q3-1)=(q3+4q2+7q+6+6k(q3-l), 
18 .p”(q2 - 1)‘) and (q3 +4q2 + 7q + 6 + 6k(q3 - l), (q2 - I)~) 1 
24 . 34(6k - 1)’ we have 
$ (q3 + ‘b* + 7q + 6 + 6k(q3 - 1)) 12’ . 36(6k - I)‘, 
where pr(l k - 1. Let p = 3, q = 36, then 2f = 12, s(3,f) = 2. For this set of 
values the inequality 
&q3 > 25 . 36(6 . 2s) 
P 
holds. From (3.2), for p > 3, f > 6, and k12f, ~“11 k - 1 the following relation 
f91 > 25 * 36 . 6k 
holds. Since in (9) the left side is greater than (l/p’) 6kq3 and the right side 
less than 2’ . 36 . 6k a 6k, we have 
the left side > the right side. 
Thus (9) does not hold. 
The remaining cases q =pf such that there exist k with kl2f and pi k - 1 
are q = 34, k = 4; q = 3*, k = 4; q = 53, k = 6; q = 74, k = 8. None of them 
satisfies condition (2). 
By the same method as in the above examples we examine all the ~(1) = 
1 +x(l) + kC,(l),j= 1, 2 ,..., 9, and find that none of them satisfies condition 
(2). For brevity, we write down only the reduced divisibility relations like 
(5), (6), (8), (9) and the auxiliary inequalities like (7); (lo), and special 
values q =pf. Those q = c” with c < p or g <f must be verified individually. 
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(l) 1 +Xz(l)+k<,(l)= 1 +q6+k(q4+qZ+ l), p’llk+ 1, 
l+q6+k(q4+q2+1)~pr(q2-l)(q6-l), 
~(l+q6+k(q4+q2+1)~24(3k+2)4, 
&d > 24(3 . 2f+ 214, 
P 
q = 3’. 
(2) l+X2(l)+k&(l)=l+q6+k(q2-q+l)(q3-l),p’JIk-1, 
l+q6+k(q2-q+l)(q3-l)~pr(q2-l)(q6-~), 
f (1 + q6 + k(q* - q + l)(q3 - 1)) I 2’ . (3k - l)‘, 
& 46 > 2Y3 . 20, 
P 
q=3*. 
(3) l+X2(l)+k&(l)=l+q6+k(q6-l),pr/k-1, 
l+q”+k(+l)(p’(q*-l)(q6-1), 
$(I +q6+k(q6- 1))12*, 
y&q6 > z89 
P 
cl> 5. 
(4) 1 +x2(1) +&Al) 
=l+q”+k(q-l)(q*-l)(q3t1),p’(lkt1, 
1 + q6 + k(q - l)(q* - l)(q3 t 1) Ipr(q2 - l)(q6 - l), 
$ (1 + q6 t k(q - l)(q* - l)(q3 t 1)) I2’(3k t I)*, 
&q6 > 2Y3 . 24-t 02, 
P 
q=3*. 
(5) l+~2(l)+kMl)=ltq~tk(q~tq+l)(q~tl),p’J~kt1, 
ltq6+k(q2+q+1)(q3+1)~pr(q2-l)(q6-l), 
f (1 t q6 t k(q’ + q t l)(q3 + 1)) I 2’ . (3k + l)*, 
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&q6 > 2*(3 . 2f+ 112, 
P 
q=32. 
(6) 1 +xzW + k<,(l) 
= 1 + q6 + k(q* + q + l)(q + l)(q” + I), $11 k + 1, 
1 + d’ + k(q2 + q + l)(q + l)(q3 + 1) ( pr(q2 - l)(q6 - 1), 
+. (1 + q6 + k(q* + q + l)(q + l)(q3 + 1)) 1 2*(6k + 1)2, 
-$-& > 2’(6 - 2f+ I>“, 
P 
q = 32. 
(7) 1 +x2(1) + k&(l) 
= 1 + q6 + k(q - l)(q’ - q + l)(q3 - l),p’lj k + 1, 
1 + q6 + k(q - l)(q2 - q + l)(q3 - 1) )pyql - l)(q6 - l), 
+l+q6+k(q--I)&‘-q+l)(q’-l))I2*(6k+i)’. 
-&f > 2*(6 a 2f+ I>‘, 
P 
q=32. 
= 1 + q6 + k(q + l)(q* - l)(q3 - l), p’ll k + 1, 
1 + q6 + k(q + l)(q* - 1 k3 - 1) I m* - 1 w - 11, 
-+ (1 + q6 + k(q + l)(q* - l)(q3 - 1)) /2*(3k + 1)2, 
& 96 > 28~3 . 2f+ l)*, 
P 
q = 3=. 
(9) I+~~(l)+k<,(l)=l+q~+k(q~~tl) (q=kl,mod3) 
1 + q6 + k(q3 f 1) Ipr(q2 - l)(q6 - 11, p’ljk f 1, 
-+ (1 + q6 + k(q3 f 1)) / 2’(k f 1)” 
&J > 28Gf+ l)“, 
P 
q=52. 
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(10) 1 +&3(l) + k&(l) 
= 1 +$(q4+q2+ l)+k(q4+q2+ l), t= 1,2. 
3 + WI4 + q* + 1) + 3k(q4 + q2 + 1) 13pyq* - l)(q6 - l), 
P’llk + 1, 
f (3 + Q(q4 + q* + 1) + 3k(q4 + q2 + 1)) 1 39.((3k + 1)’ - t*)*, 
y&q5 > 39(3 * 2f+ II49 
P 
q,= 35. 
(11) , 1 + h(l) + R,(l) 
=l+$q(q4+qz+l)+k(q2-q+l)(q’-l),r=1,2. 
3+tq(q4+q2+1) 
+3k(q2-q+l)(q3-1)J3p’(q2-l)(q6-l),p’l/k-1, 
f (3 + tq(q4 + q* + 1) 
+ W* -q + l)(q3 - 1)) ( 39(t + I)* (6k + f - l)‘, 
As5 > 3”(6 . 2f+ I)‘, 
P 
q = 34. 
(12) 1 +&3(l) + k&(l) 
=l+~q(q4+q2+l)+k(q6-l), t=l,2. 
For t = 2. 
3+2q(q4+q2+l)+3k(q6-1)13p’(q*-l)(q6-l),p’lJk-1. 
-j.(3+2q(q4+q2+l)+3k(q6-1)13” 
-&pf > 3”, 
P 
q=32. 
For t= 1. 
q4 - q3 + 2q2 - 2q + 3 + 3k(q - 1) 
~tq4+q2+~~l~Pr~q-1)2(q+1)(q4+q2+1), 
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f (q4 - q3 + 2q2 - 2q + 3 + 3k(q - 1) 
X (q4 + q2 + 1)) I 3’(2k - l), 
.2 ’ 2f, 
= 1 + f q(!f + q2 + 1) + & - l)(q2 - l)(q3 + l), t = 1,2. 
For t = 2. 
3 + %(q4 + q2 + 1) 
+ w - w - lk3 + 1) I 3pw - l)(q6 - l),p’l)k + 1, 
$(3+2q(q’+q’+ 1) 
+ %I - l)(q2 - l)(q3 + 1)) 1 3”(6k + l)‘, 
y&q6 > 3l’(36 a 2fs 13), 
P 
q= 33. 
For t= 1. 
q4 - q3 + 2q2 - 2q + 3 
+ 3&l - II2 (q3 + 1) I W(q - 1)’ (4 + l)(q4 + q* + l), 
+ (q4 - q3 + &I’ - 2q + 3 + 3k(q - 1)’ (q3 + 1)) I 3’(6k + 1)2, 
&q’ > 3’(36 - 2f+ 13), 
P 
q=3? 
=l +f4(q4+q2+ l)+k(q3+ l)(q2+q+ l),t= 1,2. 
For t=2. 
3 + 2q(q4 + q2 + 1) 
+ 34?* + 4 + lN3 + 1) I W(q2 - l)(q6 - l),p’l[k + 1, 
~(3+2q(q4+q2+~)+3k(q2+q+l)(q3+1))~3”(2k+l)z, 
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&) q5 > 3T4 * 2f+ 5), 
P 
q=33. 
For t= 1. 
q4 - q3 + w - 29 + 3 + 3k(q4 + q2 + 1) I3p’(q - 1)2 (q + 1) 
x h4 + q2 + 11, 
$ b4 - q3 + 2q2 - 29 + 3 + 3k(q4 + q2 + 1)) 138(3k + I)* 
x (k-l- 11, 
& q4 ) 3’(9 . 2ft 7)(2f+ I), 
P 
q=34. 
(15) 1 + Q3(l) + k&(l) 
= l t-fq(q’+9’+ l)+&+ l)(q2+q+ l)(q3+ I), 
t= 1,2. 
For t = 2. 
3+2q(94+q2+1) 
+ 342 + WY2 f q + I)(q3 + 1) I 3p’(q2 - I)(96 - I), 
p’llk + 1, 
x (4k + 1)2, 
y&q6 > 3’716 . 2f+ 9), 
P 
q = 33. 
For t= 1. 
q4 - q3 + 292 - 2q + 3 
+3k(92+9+l)(93+~)13P’(q-l)2(q+l)(q4+q~+1), 
$ (q4 - q3 + 2q2 - 2q + 3 + 3k(q2 + q + l)(q3 + 1)) 1 38 
x (6k + l)‘, 
-&, . 3q5 > 3’(36 .2f + 13), 
P 
q=33. 
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(16) 1 + h(l) + k&(l) 
=1+~q(q4+q~+1)+k(q-l)(q2-q+l)(q’-l). 
t= 1,2. 
3 + tq(q4 + q2 + 1) 
+3k(q-l)(q2-q+l)(q3-1)13P’(q2-l)(q6-1), 
P’llk + 1, 
$ (3 + tq(q4 + q2 + 1) 
+ w? - l)(qZ - q + l)(q3 - 1)) 1 3g(1 + t)Z (12k - t + 1)2, 
&. 3q6 > 3”(12 . 2f)‘, 
P 
q = 34. 
(17) 1 +&3(l) + G.(l) 
= 1 ++I(q’+q’+ l)+k(q+ l)(q2- l)(q3- l),t= 1,2. 
For t = 2. 
3+2q(q4+q2+1) 
+ WI + l)(q2 - WI3 - 1) I 3p’(q2 - l)(q6 - l),p’l[k + 1, 
f (3 + 2q(q4 + q2 + 1) 
+ 3k(q + l)(q’ - l)(q3 - 1)) I 3”(6k + 1)2, 
&qh > 3”(36 . 2ft 13), 
P 
q = 33. 
For t= 1. 
q4 - q3 + 2q2 - 2q + 3 
+wq2-l)(q3-1)13P’(q-l)2(q+l)(q4+q2+l), 
P’llk + 1, 
+T (q4 - q3 + 2q2 - 2q + 3 + 3k(q2 - l)(q3 - 1)) ( 38(6k + l)‘, 
&q5 > 3*(36 . 2f+ 13), 
P 
q= 33. 
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(18) 1 +fX3(1)+&(1>= 1 +fq(q2+q+ l)+k(qQ 1) 
(q- fl,mod3) 
Forf=2ort= lwithqe-1 (mod3). 
3 + t&l4 + q2 + 1) + 3k(q3 f 1) 1 3p’(q2 - l)(q6 - l),p’l(k + 1, 
+J3+fq(q4+q2+ 1) 
+3k(q3izl))139(2k+1)2(lrt)2(2k+t~l)2, 
&q5 > 39(2. 2f+ 1)’ (2 . 2f+ 3)2 . 5 
P 
q = 53. 
Fort= 1 with 1 (mod 3) qc 
q”-q3+2q2-2q+3+3k(q2-q+1)13pr(q-l)(q6-1), 
p’llk + 1, 
$ (q4 - q3 + 2q2 - 2q + 3 + 3k(q2 -q t 1)) I 3’(k t 1)3 
x (2k t l)‘, 
&q4 > e?ft q3 (2 * 2f+ l)‘, 
2P ’ 
q = 54. 
(19) 1 +x5(1) + k&(l) 
=~t~(qtl)2(q2-qtl)tk(q4tq2t1), 
q3-q+2+W2-qt l)12p’(q2--)2(q2-qt l),p’llkt 1, 
+(q3-qt2t2k(q2-qt 1))12’(kt 1)‘)3kt 1)2, 
&q’ > 25(2f+ 1J2 (3 * 2f+ 1)2, 
P 
q = 36. 
(20) 1 +x5(1) + k&(l) 
=1+~(qtl)2(q2-q+l)tk(q2-qt+)(q3-l), 
q3 - q + 2 + Wq - l)(q2 - q t 1) ( 2pyq2 - l)* (q2 - q + 1), 
p’llk+ 1, 
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-j+T3-4f2f2~(q-l)(q2-q+ l))125(6k- I)‘, 
A. 2q3 > 25 . (36 . 2f), 
P 
q = 33. 
(21) 1+X,u)+k~3(l)=l+f(q+1)2(q2-q+1)+k(q6-1), 
q3 -q + 2 + 2k(q2 - l)(q2 -q + 1) 1 2p’(q2 - 1)2 (42 -q + l), 
P’llk- 1, 
f (q3 -q + 2 + 2k(q2 - l)(q2 -q + 1)) 1 25, 
q4 > 25, 
4>5. 
(22) 1 +x5(1) + k<,(l) 
= 1 +$(q+ 1)’ (q2-q+ 1)+k(q- l)(q2- l)(q3 + l), 
2 + qtq f 1)’ w - 9 + 1) 
+ Wq - l)(q2 - l)(q3 t 1) I 2p’(q2 - 1)’ (q2 + q + l), 
p’llk t 1, 
+42t&+1)2t~2-q+ 1) 
+ 2k(q - l)(q’ - l)(q3 + 1)) I 29 . 34 . k2, 
&q6 > 2g * 34 * 2f, 
P 
q=32. 
(23) 1 +~dl) + e,(l) 
=1t~(qt1)2(q2-q+l)tk(q3t1)(q2tqt1), 
q3 - q t 2 t 2k(q3 + 1) I 2p’(q2 - 1)2 (q2 -4 + l),p’llk + 1, 
-+. (q3 - q + 2 t 2k(q3 + 1)) 1 25(2k + 1)2, 
&+I3 > z4 * (4 - 2f+ 51, 
P 
q = 33. 
RANK 3 PERMUTATION REPRESENTATIONS 223 
(24) 1 +m + w) 
=l+~(q+l)2(q2-q+l)+k(q+1)(q*+q+1) 
x (q3 + 11, 
q3 - 9 + 2 + 242 + 1)’ (q2 -q + 1) [2p’(q2 - 1)2 (92 -q + l), 
~(q3-qt2t2~(q+l)2(q2-qt 1))12s(4k+1)2, 
&q’ > 24(16 - 27-t 9>, 
P 
q=32. 
(25) 1 + xdl) + K7(1) 
=lt~(qtl)2(q2-qtl)tk(q-1)(q2-q+1) 
x (q3 - I), 
q3-q+2t2~(q-l)2(q2-qt1)~2pr(q*-1)2(q2-qt1), 
P’llk t 1, 
-+(41-4+2+2k(q-1)‘(q2-q+ 1))/25(12k+ l)‘, 
-jg& q4 > 2’(144 . 2f+ 25), 
q=33. 
(26) 1 +xs(l) t k&(l) 
=l+$qt1)‘(q2-qtl)tk(qtl)(q2-1)(45-l), 
q3 - 4 f 2 + 2wq2 - I)* I 2p’(q2 - 1)2 (q2 -q + l),p’llk + 1, 
$(q3-q+2t2k(q2-l)2)~2s(6k+l)2, 
&q4 > Z4(36 . 2ft 13), 
P 
q=33. 
(27) 1t~S(1)tk5,(1)=1tf(qt1)2(q2-q+1)t~(q3~1) 
(q = f 1, mod 3), 
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For q=-1 (mod3). 
q3-q+2+2k(q-l))2p’(q2-1)2(q2-q+l),p’~~k-1, 
+ (q3 -q + 2 + 2k(q - 1)) 1 2’(2k - l)‘, 
y&q3 > Z5(2 * 2f>4T 
P 
q = 54. 
For - 1 q (mod 3). 
2+q(q+l)2(q2-q+l)t2k(q3+1)~2p’(q2-l)(q6-l), 
p’llk + 1, 
-+(2tq(qtl)2(q2-qt1)+2k(q3+1))~2”(3+2k)2k2, 
& 45 > 2Y3 + 2f. 2)2 (2e 
q = 53. 
(28) 1 +x6(1) + k&(l) 
=lt~(q+1)2(q2+q+l)tk(q4+q2+l), 
q3+4qZt7qt6+6k(q2tq+1)~18p’(q2-l)2,p’J~kt1, 
$(q3t4q2t7qt6+6k(q2tqt1))/25.36(k+1)2 
x (3k t l)‘, 
--&)q3 > z5 * 36(2ft 1)2 (3 * 2ft l)‘, 
q = 38. 
(29) 1 +xSw t kt2(i) 
=lt~(q+1)2(q2+qt1)+k(q2-qt1)(q3-l), 
q3 t 4q2 + 7q t 6 t 6k(q3 - 1) I 18p’(q2 - 1)2,p’llk + 1, 
-+. (q3 + 4q2 t 7q t 6 t 6k(q3 - 1)) I 25 . 36(6k - 1)2, 
&q3>25m36.6.2s, 
P 
q = 36. 
RANK 3 PERMUTATION REPRESENTATIONS 225 
(30) l+xdl)+kMl)=l+~(q+1)2(q2+q+1)+k(q6-1), 
q3+4q2+7q+6+6k(q2-I)(q2+q+1)~18pr(q2-l)2, 
P’llk - 1, 
$ (q3 + 4q2 + 7q + 6 + 6k(q2 - l)(q2 + q + 1)) I25 . 36, 
6q4 > 25 . 36, 
4> 9. 
t31) ’ +x6(l) -+- k&(l) 
=1+~(4+1)‘(q2+q+1)+k(q-l)(q’-l)(ql+l), 
q3 + 4q2 + 7q + 6 + 6k(q* - 1)’ 1 6p’(q2 - 1)2 (q2 + q + l), 
P’llk + 1, 
f (q3 + 4q2 + 7q + 6 + 6k(q2 - 1)2) 1 25 . 3’(6k + 1)2, 
P &y q4 > 25 . 3’(6 . 2f+ 3), 
q = 35. 
(32) i +xSu) + kt5(l) 
=1+~(4+1)‘(q2+q+1)+k(q2+q+1)(q~+1), 
q3 + 4q2 + 7q + 6 + 6k(q2 + q + I)(q + 1) ( 18p’(q2 - 1)2, 
p’llk+ 1, 
; (q3 + 4q2 + 7q + 6 + 6k(q2 + q + l)(q + 1)) 1 25 . 36(2k + 1)2 
&q3 > 24 * 35(4 . 2f+ 5), 
P 
q= 35. 
(33) 1 +x6@) + k5&) 
=l+$(q+1)*(q2+q+1)+k(q+1)(q2+q+1) 
x (q3 + 11, 
q3 + 4q2 + 7q + 6 + 6k(q + l)* (q2 + q + 1) I 18p’(q* - l)‘, 
P’llk + 1, 
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f (q3 + 4q2 + 7q + 6 + 6k(q + 1)’ (q* + q + 1)) 12’ 
* 36(4k + l)‘, 
p& q4 > 24 . 35(16 - 2f f  9>, 
q=34. 
(34) 1 +x6(1) + k&(l) 
=l+$(q+l)*(q*+q+l)+k(q-1)(43-l) 
x(4*-4+ l), 
q3 + +?* t 7q t 6 + 6k(q - 1)’ (q* + q + 1)) 18Pyq2 - I)‘, 
P’llk + 1, 
$(q3t4q2+7qt6t6k(q-1)2(q2+q+l))~36 
* 25(12k + 1)2, 
5 
4 ps(P,f) q  > 36 - 2’(144. 2ft 25), 
q=3". 
(35) l +x6(l) + k<,(l) 
= 1 + $ (4 t 1)’ (q2 t q t 1) t k(q + l)(q2 - l)(qJ - l), 
6 + dq + 1)' (q* t q  + 1) 
+ 6&* - l)* (9’ + q t 1) I 18P’(q2 - 1)’ (q* -q t l), 
P’llk + 1, 
$.(6+q(q+1)‘(q2+q+1)+6k(q2-1)* 
x(q2tq+1))129.312k2, 
&q6 > 2a ’ 3” 
P 
. x 
q = 34. 
(36) 1t~n(l)+k~d~)=~t$(qt1)2(q2tqt])+k(q~k 1) 
(q- +l,mod3), 
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For q=-1 (mod3). 
6 + 4(4 + 1)’ (q* + q + 1) + 6k(q3 - 1) 16P’(q* - l)* 
x(4*-q+ l),P’llk- 1, 
~(6tq(q+l)2(q2tqt1)+6k(q3-1))~29~39k2(2k-l)2, 
&qs > 29 . 39(2f.)2 (2 . 2f)*, 
P 
q = 54. 
For q- 1 (mod3). 
p’llk + 1, 
-$ (q3 t 4q2 t 7q t 6 t 6k(q t 1)) 1 25 . 35(3 t 2k)* (1 + 2k)*, 
--&) q3 > 25 * 3y3 + 2 * 2jy (1 + 2 * 2f)2, 
q = 55. 
From the argument in the first sections, we reach: 
Conclusion. If q * = 1:: is a faithful primitive permutation representation 
of rank 3 of G*, then the possibilities of p( 1) = 1 t x( 1) t k<( 1) are 
(i) q(l) = q6 or 2q6, 
(ii) p(l)=q3(q3 t l), x(1)=q6, k= 1, <(l)=q3 - 1 and q=--1 
(mod 3), 
(iii) p(l)= 156, x(1)=x3(1)=x4(1)=91, k= 1, r(l)=64 and 
9=3, 
(iv) (4(1)=273,x(l)=x,Jl)= 168, k= 1, r(l)= 104 and q=3, 
(v) &1)=378,x(1)=x,(l)= 104, k= 1, r(l)=273 and q=3, 
(vi) o(1)=351,~(1)=~,(1)= 168, k=2, r(l)=91 and q=3, 
(vii) cp(l)=351,x(1)=,ys(l)= 168, k= 1, c(l)= 182 and q=3, 
(viii) ~(l)=72.9.43,~(1)=2s~8~19,k=l,~(l)=2*32~19~43 
and q = 7. 
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4. THE EXISTENCE OF THE SUBGROUP K 
We set up several theorems about this. 
THEOREM 4.1. None of subgroups K of G,(q) satisfies 
(q*-q+l)(q*+q+l)1lKl and p%lKI. 
Proof: The proof is almost the same as an argument of Seitz for another 
proposition [ 14, p. 351. In order to describe the proof in detail we give 
Lemmas 4.2-4.5. 
Suppose the result is false and K is a counterexample. 
LEMMA 4.2. There is a prime divisor y of one of q2 f q $ 1 such that 
y>13forq>5andifnoneofy>13,then 132dividesoneofq2fq+1. 
Proof: Directly checking for any q we have q* f q + 1 # 0 (mod 5, 9, 
11). Then 5, 9, 11 cannot divide q2 f q + 1. Hence both q* f q + 1 are 
divisible by at most the first power of 3 and at least one of q2 f q + 1 has no 
divisor 5, 7, and 11, since (q*+q+ 1, q*-q+ l)= 1. This number must 
have a prime divisor y > 13. 
Suppose it has neither prime divisor y > 13 nor divisor 132, then it equals 
13 or 39. For q > 5, this is not in the case. 
LEMMA 4.3. K contains a normal cyclic subgroup R of order y, where 
y>13isaprimeandyl(q*+qtl)(q*-qtl). 
Proof: As (q2 t q t l)(q’-q t 1) ( IKj. IKI has y in Lemma 4.2 as a 
divisor. Since (q2 -q t l)(q’ t q t 1) and (q2 - 1) have no common prime 
divisor other than 3 and ]G] = q6(q2 - 1)2 (q2 t q t l)(q* -q + I), IKI and 
I G ] contain the same power of y. Thus, a y-Sylow subgroup of K is one of G. 
From [2, Section l] and [2, (2.7)], it is contained in a maximal torus of G of 
order q2 t q + 1 or q* - q t 1 and the two tori are cyclic, thus so is a y- 
Sylow subgroup. 
We claim that K contains a normal subgroup of order y. G,(q) has a 
faithful representation I/ of dimension 7, the characteristic of the basic field 
is p and phK/ . It is an ordinary representation of K. 
For q = 3, q* + q + 1 = 13 and q2 -q t 1 = 7, so y = 13; V is of dimen- 
sion 7, 13 > 7 t 2. From [6], G,(3) has no element whose order is divisible 
by both a prime divisor of q2 + q + 1 and a prime divisor of q* - q + 1, then 
Z(K) = 1. By [ 7, Theorem 1 ] the 13-Sylow subgroup of K is normal in K or 
K is isomorphic to PsL(2, 13). The latter case is out as 3 ] IPSL(2, 13)( and 
] KI 1 (3* - 1)’ . 7 . 13. The 13-Sylow subgroup of K meets the requirement 
of our lemma. 
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For q >, 5 and y > 13, or course y > 15 and i(y- 1) > 7. By 
[8, Theorem l] the y-Sylow subgroup of K is normal in K. And it is also 
cyclic, then its cyclic subgroup of order y is still normal in K. 
For q > 5 and y = 13, of course 13 - 1 > 7. By the main theorem of [9] 
the 13-Sylow subgroup of K contains a subgroup of index & 13 which is 
normal in K. Since 13’ ] 1 K 1, the subgroup is a nontrivial 13-group which is 
also cyclic. Then its cyclic subgroup of order 13 is still normal in K. 
LEMMA 4.4. Let R be a subgroup of GL(1, q) of order y, where y is a 
prime and (y, q) = 1. If y%q’ - 1, then R is reducible. 
Proof. We know 
Since Y 1 I GL(l, s>l 
IGL(n, q)[ = qnc”-““(q” - l)(q”-’ - 1) .a. (q - 1). 
and y%q’ - 1, IGL(1, q)l and IGL(l- 1, q)l contains the 
same power of y as their divisors. The y-Sylow subgroup of GL(l- 1, q) is 
one of GL(1, q). R is a y-subgroup of GL(1, q), thus it is conjugate to a 
subgroup of GL(l- 1, q), namely it is reducible. 
LEMMA 4.5. Restricting the 7-dimension faithful representation V of G to 
R, where R is the normal cyclic subgroup of G or order y as in the Lemma 
4.3, and denoting the restriction by VR, then the dimensions of nontrivial 
irreducible constituents of V, are equal to 3 or 6. 
Proof Let 1 be the dimension of an nontrivial irreducible constituent of 
VR. This representation of R is a subgroup of GL(1, q). By Lemma 4.4, 
ylq’ - 1. And from yl(q2 t q t l)(q* -q t I), we have ylq6 - 1. Clearly 
y+q2 - 1. Thus the order of q (mod y) is 3 or 6. Hence 3 Il. And since 1 < 7,1 
is equal to 3 or 6. 
Proof of Theorem 4.1. Let V, be a nontrivial irreducible constituent of 
V,. If dim V, = 3, then R is isomorphic to a subgroup of GL(3, q). Thus 
~(1 GL(3,dl. Since q* - q + 1 and IGL(3, q)l = q3(q3 - l)(q’ - l)(q - 1) 
have no common prime divisor other than 3 and y] (q2 -q + l)(q’ t q + l), 
ylq* t q t 1. By using [ 14, (1.7)], there exists a prime divisor s of 
q2 - q + 1 such that s$q’ - 1 with I< 5. Let g, be an element of order s of 
K. (R, g,) is order sy since g, normalizes R. Since s,/‘] GL(1, q)] for I < 5 and 
s/q6 - 1, the nontrivial irreducible constituent of V~gej is just of dimension 6 
and vtno> has no invariant subspace of (g,) of dimension other than 6 or 1. 
Let V:” = {ago] a E V, }. It is still an irreducible constituent of R since g, 
normalizes R. If Vf” n V, # {0}, then Vy = V, and (g,) has an invariant 
subspace of dimension 3. This is impossible, so Vfon V, = (0) and 
VpJ@ v, = v ,,. VO is of dimension 6, so V, n V$ # (0) for all i. Then 
V$c V, and V, is irreducible under (R, g,,). From R a (R,g,) and 
[3, (53, 17)], we have 2 1 I(R, g,): R ], namely 21s. But s is odd, this is 
impossible. 
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Thus dim V, = 6. From R 4 K and Clifford theorem, it is easy to see that 
V, is invariant and irreducible under K. Let [ be a proper value of the 
representation matrix of an element A of R, where A # 1. We have cY = 1. 
Since V, is irreducible under R, [ GZ GF(q). Note that y1q6 - 1 and r,jq’ - 1, 
thus GF(q)(C) = GF(q3) or GF(q)(I;) = CF(q6). Hence all the conditions in 
[ 12, Lemma 1.11 hold, we obtain 
IKIIIC,(R)l 16. 
Namely, ] K( 16 1 C,(R)/ and we have 
(q2-q+ l)W+q+ 1)13lG@I. 
Since q* f q + 1 > 3, /C,(R)1 ’ d’ ’ is tvtsible by both a divisor of q2 - q + 1 and 
a divisor of q* + q + 1. From [2,5], G,(q) has no element which satisfies the 
property. This contradiction completes the proof of Theorem 1. 
COROLLARY 4.6. There exists no subgroup K of G, such that the degree 
of 1$2 is 2q6 or q6. 
THEOREM 4.7. There exists no subgroup K of G, such that 1:~ is of 
rank 3 and its irreducible constituents are of dimension 1, q6, q3 - 1, respec- 
tively. 
Proof: Suppose such a subgroup K exists. We have 
1 l$] = 1 + q6 + q3 - 1 = q3(q3 + 1), 
then 
IKI = I G2l/l l$l = q3(q3 - l)k* - 1). 
Let 1, K, , K, be the lengths of the orbits of K, then K, 1 I K 1, (i = 1, 2) and 
1 lzz] = 1 + K, + K, = q3(q3 + 1). 
From [ 11, Theorem 1 ] of Frame, 
q3(q3 + l)K,K, 
@%I3 - 1) 
= (integer)*. 
Thus q31KIK2. 
We note that 1 + K, + K, = q3(q3 + 1), then only one of K, and K, is 
divisible by q. Hence we can assume q3 ] K, and q3 IKK, + 1. From K, I I K 1, 
we have K2((q3-1)(4*-l), thus K,<q’-1. We can set K,+l= 
aq4 + bq3, where 0 < a, b < q - 1 and a, b are not all zero. Then K, = 
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aq4 + bq3 - 1. Assume (q3 - l)(q’ - 1) = tK,, where t is a positive integer. 
As K, = -1 (mod q), t G -1 (mod q) holds. Since t < q5 - 1, similarly we 
set t = cq4 + dq3 + eq2 +fq - 1, where 0 < c, d, e, f < q - 1, and c, d, e, f 
are not all zero. 
We consider two cases. 
Case 1. a # 0. If c, d, e, are not all zero, then t > q2 - 1. Thus 
K,t~(q4--)(q2-1)>(q3-l)(q2-1), 
this is a contradiction. We have c = d = e = 0. 
1f.f > 2, 
K2t>(q4-1)(2q-1)=2q5-q4-2q+1>qs+1>(q3-l)(q’-1). 
This is impossible, then f = 1, t = q - 1, and 
K2=(q3-l)(q’-l)/(q-l)=(q3-l)(q+l). 
Thus K, = q3(q3 + 1) - 1 -K, = q6 - q4 + q and q3{K,. This is still 
impossible and a # 0 is not in the case. 
Case 2. a = 0, b # 0. If one of the following cases holds: 
(9 c, d are not all zero, 
(ii) c=d=O, e > 1, 
(iii) c=d=O,e=l,f>O, 
(iv) c = d =f = 0, e = 1, b > 1, 
then 
K, t = (bq3 - l)(cq4 + dq3 + eq2 +fq - 1) > (q3 - l)(q* - 1) 
These cannot hold. Then c=d=O, e=b= 1, and f=O or c=d=e=O, 
f>O. 
For the former case, K, = q3 - 1 and 
K, = q3(q3 + 1) - 1 - K, = q6, 
then K,,/‘l K I. This is impossible. For the latter case, 
tK, = (fq - l)(bq3’- 1) = bfq4 - bq3 -fq + 1 
=(q3- l)(q2- 1)=q5-q3-q2+ 1. 
We have q* 1 fq, then q]J However, 0 <f < q - 1, this is impossible. All the 
contradictions prove the theorem. 
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THEOREM 4.8. There exists no subgroup K of G,(q) such that 1:: is of 
rank 3 and one of the following holds: 
(1) p(l)= 156,x(1)=91, c(l)=64 andq=3, 
(2) o(1)=378,~(1)== 104, r(l)=273 andq=3, 
(3) cp(l)=273,~(1)== 104, r(l)= 168 andq=3, 
(4) ~p(l)=7~.9.43, x(1)=7.2’.19, <(1)=2.3*.19.43 and 
q= 7, 
where 1:~ = o=l+x+<. 
Proof: Suppose the results are false and K designates a counterexample. 
Let the lengths of the transitive domains of K be 1, K, , K,, then Ki 1 1 KI, 
(i = 1,2) and rp( 1) = 1 + K, + K,. We know 
and 
jG,(3)1= 36(36 - 1)(32 - l)= 26 . 3(’ . 7 . 13 
IG,(7)1= 76(76 - 1)(7* - 1) = 28 . 33 . 76 . 19 a 43. 
(1) We have IKI=IG,(3)l/cp(l)=24. 35. 7. From 111, Theorem 11 of 
Frame 
~(1) K,K, 13.3.4.K,.K, 
x(l)W) = 13.7 * 26 
3 * K1 . K’ = (integer)2. 
= 7. 24 
Thus 3 . 7 . 24 I K, K,. We can assume 7 I K, and (7, K,) = 1 since K, + K, = 
156 - 1 = 31 . 5 is prime to 7. Similarly 3, 24 divide only one of K, and K,. 
Hence the possibilities of K, and K, = 155 - K, are in 
K2 1 3 32 33 34 24 2j ’ 3 
K,= 155-K2 154 152 146 128 74 139 107. 
Since K, is not a divisor of I K ( in all cases, these are all impossible. 
(2) In this case jKJ = 26 . 33 . 7 . 13/2 . 3’ . 7 = 25 . 3” . 13. From the 
Frame’s theorem 
dl)K,K, 2. 33 - 7 - K,K, 3 2K1 K2 = = 4.13’ = x(l) W) 8 - 1 .3 13 e 7 (integer)2 
and 4. 1321K,K,. Since K, +K,=378-l= 13.29, 13JK,(i=1,2) and 
we can assume 4 IK, , (2, K2) = 1. The possibilities of K, and K, are in 
K2 13 3.13 32-13 33*13 
K, =378-K, 28. 13 26. 13 20. 13 2. 13. 
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Since 28 . 13, 26 . 13 and 20 . 13 are not divisors of IKl and 2 . 13 is not 
divisible by 4, these are all impossible. 
(3) We have IKl= 36 . 26 . 7 . 13/273 = 35 . 26. From Fram’s theorem 
273 . K,K, K,K, 
= - = 8. 13 (integer)* . 23. 3 ’ 7 26 
and 261K,Kz. Since K,+K,=273-1=272=23.34, 231Ki (i=1,2). If 
3,j’K, (i = 1,2), then Kil 26 since Kil 35 . 26. Thus Ki < 26 = 64 (i = 1,2) and 
K, + K, < 272. This is impossible. Since 311272, K, + K, = 272, we can 
assume 3 I K, and (3, K2) = 1. Hence the possibilities of K, and K, are 
K2 23 24 2s 26 
K, =272 -K, 264 256 240 208. 
Since 264$26 . 35, 240J26 . 35, and 311256, 3%208, these are impossible. 
(4) In this case IKI = JG,(7)l/o(l) = 74 . 2’ . 3 . 19. From Frame’s 
theorem 
72. 9.43K,K, lK,K, = = 25 f 7 ’ 19 ’ 2 ’ 32 ’ 19 * 43 26 * 192 (integer)2. 
We obtain 7 a 26 . 192)K1KZ.WecalculateK,+K2=rp(l)-l=2~ 19,499 
and 2’j’K, +K,. We can assume 21K,, 4%K,, 251K2, and 19/K, (i= 1,2). 
Hence the possibilities of (l/2 . 19) K, and (l/2 . 19)(40(l) - 1 -K,) = 
(l/2 . 19) K, are in 
1 
-K, 1 7 7’ 73 3 3.1 3*12 
2.19 
1 
-K, 498 492 450 156 496 478 352. 
2.19 
Since 498, 492, 450, 156, 478 are not divisible by 24 and 496, 352 cannot 
divide I K ( , these are impossible. 
LEMMA 4.9. There exists no permutation representation (p* of G* with 
G,(3) a G* such that o(1) = 351, x(1) = 168, r(l) = 91 and k = 2. 
ProoJ Suppose Q * is a counterexample. Then v, = 1 t x t <, + T2, where 
r, and r2 are conjugate to each other under G* and <,( 1) = r2( 1) = 9 1. V* is 
of rank 3 and v, = VEIL, is of rank at least 4, so G* # G,(3). Thus 
G* = Aut G,(3). 
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From [lo, (9.12)], ri and & are not equivalent. We find from [5 ] that 
there is unique representation pair of this kind, namely <, and rz are 8, and 
e4, and that x is just 8,) where 8,) 8,) and 19~ are the notation in 151. Since 
q = 1 +x + l, + <, is a permutation representation of G,(3), for any 
g E G,(3) the value q(g) is a nonnegative integer. But from [ 51, there exist 
elements g E G,(3) such that 1 + 0, + 0, + 8, is negative. This is a con- 
tradiction. 
Now we can prove the main theorem. From the conclusion of Section 1 
and the assertions of 4.14.9, if a faithful permutation representation p* of 
G* is of rank 3, then 
(1) G,(3) a G*, 
(2) v, = 1 +x + <, where ~(1) = 351, x(1) = 168 and r(l)= 182. 
Suppose G,(3) # G*, then G* = Aut G,(3) = (G,(3), r,i), where v is the 
graph automorphism of G,(3). In [5], we find that x is just 0, and < is xs or 
x7. By looking at their character formulas, for q = 3, 1 + 0, + xs and 
1 + e2 +x7 exchange with each other under q. But cp = (P*&~(~) and 
G,(3) Q G*, p is self-conjugate under G*. This is a contradiction. Thus 
G,(3) = G* and the proof of the main theorem is complete. 
5. EXAMPLES OF THE RANK 3 PERMUTATION REPRESENTATION 
We shall follow the notation used in [2,5,6]. A group M is defined in 
[5, Sect. 41: M is a subgroup of 
z-(WA) = {g E C] w:,-‘gw:, = g(q)}, 
and is isomorphic to SU(3, q’). For every element g E M, ( g’q’)‘q’ = g. And 
from [13] we have that the action of (w:)’ on (Xfb,X+,3a+b), X,Cj,+Zb)} is 
the identity. So w; normalizes M. Set 
then M, is a group and ]M, : M] = 2. It is obvious that w; E T(wA). Thus 
M, 5 Z(wA). From [2], T(w;) g G,(q). 
Now q=3; ]M,]=2.]SU(3,32)]=2.33(33+1)(32-1)=26.33.7. 
We imbed M, into G,(3). Then the degree of 12, is just equal to 351. 
We will prove that I$(‘) is of rank 3. At first from [15, (3.4)], SU(3, 3*) 
has only one outer automorphism, i.e., the field automorphism. The action of 
w: on Mz SU(3, 3’) is just the field automorphism of SU(3, 32). It is 
known that G,(2) is equivalent to the automorphism- group of SU(3,3*). 
Thus G,(2) z M, . 
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From [5, Tables VI-l, VII-l, VII-2; 6, Table 1 ] we can determine the 
conjugacy classes of M, under G,(3). 
notation of classes of G,(3) number of elements in the class 
Al 
A2 
A 42 
Bl 
B2 
B5 
Dll 
Dl2 
D21 
E2 
E3 
E6 
1 
2’ * 7 
25.3.7 
22 * 32 . 7 + 32 . 7 
2’ * 32 * 7 
25 * 32 . 7 
22 * 32 * 7 + 2 * 3’ * 7 
24 * 3’ * 7 
2.3’.7 
2j * 3’ * 7 
2’ ’ 3’ . 7 
26 * 33. 
From [5, Table VII-2, characters of G,(3)] and 
(1 Z3), x) = (15 x),, = & c x(g), 
1 REMI 
we obtain 
(l~~“,e*)=(l~~‘),x,)= 1. 
Since 19,(l)= 168 and x,(l)= 182, we have 
1$;3’ = 1 + 8, +x7( 1). 
Hence 12,“’ is of rank 3. Set 
where 9 is the graph automorphism of G,(3). From [5, Table VII-21, x7 and 
x5 are conjugate to each other under q (only for q = 3) and 8, is self- 
conjugate. Thus 
12-3)~ i + 8, +x5 
is another inequivalent permutation representation of rank 3 of G,(3). 
We claim that 1$,(3’ and 12;‘) are primitive, i.e., Mi (i= 1, 2) are 
maximal subgroups of G,(3). Suppose Mi $ K $ G,(3) (i = 1 or 2). Since 
12.“’ is of rank 3, we assume the decomposition of Mi - Mi double cosets of 
G,(3) iS 
G=MiVMiaMiVMibMi. 
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From Mi c K, we have G = KU KaK U KbK. And from Mi 4 K, we get 
KnMiaMi#O or KCTMibMi#O. Thus Kf’lKaKf0 or KnKbK#0 
and therefore K = KaK or K = KbK. And since K # G,(3), 1g2’3’ is of 
rank 2, i.e., 1izC3’ is doubly transitive. But from 141, G,(3) has no doubly 
transitive permutation representation. This is a contradiction. Hence Mj 
(i = 1, 2) are maximal and 1$.‘3’ (i = 1, 2) are primitive. 
12.,t’3’ (i = 1,2) are two examples of primitive permutation representation 
of ra;k 3 of G,(3). 
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